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ABSTRACT
We recently found that regular orbits in axially symmetric galactic disks have their
envelopes Z(R) accurately described by the relation Z(R) ∝ [ΣI (R)]−1/3, if their am-
plitudes are comparable to the disk thickness, where ΣI is the surface density of the
disk (integrated over its whole vertical range). Moreover, the usual adiabatic approx-
imation gives a good description of the orbits’ envelopes for low vertical amplitudes.
However, these two approaches are apparently disconnected, since their expressions
differ qualitatively. Our purpose in this paper is to fill this gap by extending these pre-
vious formulae to regular orbits with arbitrary vertical amplitudes inside the disk. We
compare existing Z(R) estimates: the razor-thin disk case, the adiabatic approximation
(low-amplitude orbits in three-dimensional disks), and the integrated surface-density
estimate (high-amplitude orbits in three-dimensional disks) in order to establish a con-
nection between them. The formula presented here links the aforementioned results
in an elegant and continuous way, being valid for vertical amplitudes throughout the
whole vertical extension of the disk and with an expression which has the same form
for all regimes. The advantage of the present formalism is the dependence of Z(R)
only on observable quantities, namely the disk’s vertically integrated surface density,
without the need to obtain the gravitational potential for the system.
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1 INTRODUCTION
It is widely accepted nowadays that general Hamiltonian dy-
namical systems have their phase space composed of both
regular and chaotic regions. This fact was confirmed by a va-
riety of numerical experiments (e.g. Henon & Heiles 1964;
Contopoulos 2002; Hunter 2003, 2005; Ramos-Caro et al.
2008). Seminal studies showed this pattern decades ago
in galactic dynamics (Contopoulos 1960; Ollongren 1962;
Contopoulos 1963; Henon & Heiles 1964, see Contopoulos
2002 for a thorough review), starting the“quest”for the third
integral of motion I3 in axially symmetric disk systems. In-
tegrability by means of polynomial invariants was studied in
Hietarinta (1987), whereas Sta¨ckel potentials (Kuzmin 1952,
1956; de Zeeuw 1985, 1988; Dejonghe & de Zeeuw 1988;
de Zeeuw & Hunter 1990) became the standard example of
integrable galactic models.
The current theoretical understanding of the third-
integral formalism in axially symmetric disk galaxies is
based on the existence of adiabatic invariants around equato-
rial circular orbits (Binney & Tremaine 2008; Binney 2010;
Binney & McMillan 2011), as well as on the order-by-order
expansion of the invariant (Contopoulos 1960, 1963, 2002).
⋆ E-mail: rssvieira@ime.unicamp.br (RSSV)
There was also a recent attention devoted to the numerical
obtention of action-angle coordinates for nearly integrable
regions in phase space (McMillan & Binney 2008; Binney
2012a; Sanders 2012; Sanders & Binney 2014), as well as to
efficient methods of obtaining polynomial approximate inte-
grals (Bienayme´ & Traven 2013) and closed-formula expres-
sions for I3 (Bienayme´ et al. 2015; Vieira & Ramos-Caro
2016). These many complementary approaches improved
the development of dynamical models for the Galaxy
(de Zeeuw 1987; Binney 2010; Binney & McMillan 2011;
Binney 2012b), which are a key ingredient to analyze
and interpret the new kinematic data obtained from
Galaxy surveys (Binney & Sanders 2014), such as Gaia DR2
(Gaia Collaboration et al. 2018).
Let us assume an axially symmetric system. An approx-
imate third integral gives us, in particular, the form of the
orbit’s amplitude Z as a function of radius R on the R–z
plane (its “envelope” Z(R)). In spite of the significant ad-
vances in recent years, closed-form analytical approxima-
tions for the non-classical integral I3 (and for the corre-
sponding envelope) are still very scarce, and the existent
results have limited range of validity. The usual adiabatic
approximation based on decoupled radial and vertical mo-
tions (Binney & Tremaine 2008), for instance, is only valid
very close to the equatorial plane (Binney & McMillan 2011;
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Vieira & Ramos-Caro 2014). It was recently found, based on
the study of orbits in razor-thin disks (Vieira & Ramos-Caro
2015; Vieira & Ramos-Caro 2016), that a simple rela-
tion can describe the envelopes Z(R) of disk-crossing or-
bits whose amplitudes are near the disk’s vertical edge
(Vieira & Ramos-Caro 2014). The orbit’s amplitude scales
with a fixed power of the integrated surface density. How-
ever, the formula fails for intermediate and low vertical
excursions. In summary, the two above limits, with near-
equatorial and near-edge vertical amplitudes, can be under-
stood in terms of straightforward physical arguments. But,
in order to have a quantitative physical description of the
behaviour of off-equatorial orbits with varying vertical am-
plitudes, a connection between these two regimes must be
done.
The purpose of this paper is to fill this gap. We present
an extension of the previous formulae, which connects the
two regimes described above in an unified and elegant way.
We obtain an expression which describes the envelopes Z(R)
of disk-crossing (tube) orbits with vertical amplitudes span-
ning the whole vertical extension of the disk, and which gives
the aforementioned known approximations in their respec-
tive ranges of validity. Moreover, this expression for Z(R)
depends only on the disk’s dynamical surface density, inte-
grated up to the orbit’s vertical amplitude (see Eqs. (13)–
(14)). In this way, the density profile completely determines
the envelopes of tube orbits for any vertical range of ampli-
tudes inside the disk.
The paper is structured as follows: Section 2 summa-
rizes the two known cases which give good predictions for
the envelopes Z(R): the adiabatic approximation (2) (orbits
with very small vertical amplitudes) and the surface-density
estimate (3) for the envelopes of orbits near the disk edge.
It also presents the unified framework which connects the
adiabatic approximation and the near-edge estimate via an
elegant procedure, based solely on the disk’s surface density
(integrated up to the orbit’s amplitude). Section 3 briefly
comments on the method of successive approximations used
to numerically calculate the envelopes given by the integral
equation resulting from our new framework, and Section 4
presents numerical results which confirm our predictions. We
present our conclusions in Section 5.
2 Z(R) ENVELOPES ON THE R–Z PLANE
We work in cylindrical coordinates (R, z, ϕ) and consider ax-
ially symmetric disks with a density profile ρ(R, z) concen-
trated around the equatorial plane z = 0. As mentioned in
the Introduction, there are different approaches to estimate
the orbits’ envelopes on the meridional plane R–z. We know
that the epicyclic approximation gives us an adiabatic in-
variant of the form (when evaluated at the envelope Z(R))
I
(AA)
3
= Z(R)[Φzz(R, 0)]1/4 (1)
as approximate third integral for the system
(Binney & Tremaine 2008), where Φ is the gravita-
tional potential, Φzz = ∂
2
Φ/∂z2, and Z is the orbit’s vertical
amplitude. This expression results in (Binney & Tremaine
2008)
Z(R) ∝ [Φzz(R, 0)]−1/4 (2)
for the vertical amplitudes of nearly equatorial orbits. How-
ever, it is well known that this approximation has a very lim-
ited range of applicability, being valid only for orbits whose
vertical excursions are very small (Binney & McMillan
2011). In particular, their vertical amplitudes must be
much smaller than the disk thickness (Vieira & Ramos-Caro
2014). Variants of this formula were proposed in order to
overcome this problem, as for instance the corrections to
the adiabatic approximation of Binney & McMillan (2011).
In spite of the fact that this correction has a wider range
of validity and can describe accurately the corresponding
off-equatorial orbits, it introduces additional phenomeno-
logical parameters which must be adjusted a posteriori
(Binney & McMillan 2011, see also Vieira & Ramos-Caro
2014).
On the other hand, Vieira & Ramos-Caro (2014) ob-
tained a simple expression for the envelopes of disk-crossing
orbits whose vertical amplitudes are comparable to the disk
thickness ζ :
Z(R) ∝ [ΣI (R)]−1/3 (3)
where
ΣI (R) =
∫ ζ
−ζ
ρ(R, z) dz, (4)
and ρ is the system’s density distribution (which may con-
tain different disk components or even a sparse dark-matter
halo). This formula was based on our results for razor-thin
disks (Vieira & Ramos-Caro 2015; Vieira & Ramos-Caro
2016) and depends only on the integrated surface density
ΣI , which we call for brevity “disk’s surface density”. There-
fore, Eq. (3) can be evaluated from observational data alone
(without the knowledge of the gravitational potential). How-
ever, although we know that expressions (2) and (3) are both
valid in their respective ranges of applicability, there is a
variety of disk-crossing orbits which “live” in the interme-
diate regions, that is, whose vertical amplitudes are spread
throughout the range 0 < Z < ζ . These orbits cannot be
described by neither of the expressions (2) or (3), since the
assumptions which led to each of these equations cease to
be valid for intermediate-amplitude orbits.
2.1 Connecting the formulae
In order to keep the framework of writing the orbits’ en-
velopes for arbitrary vertical amplitudes only in terms of
the disk density, we must find a link between expressions
(2) and (3). Doing this in an unified way will allow us to
obtain an expression which is valid for the whole range of
vertical amplitudes inside the disk, and which has the cor-
rect limits for almost-zero and near-edge amplitudes. The
connection is done once we note that Poisson equation can
be written in the form (Binney & Tremaine 2008)
∇2Φ = ∂
2
Φ
∂z2
+
1
R
dv2c
dR
= 4πGρ (5)
on the equatorial plane, where vc is the speed of a circular
orbit of radius R. Since most disk galaxies have very small ve-
locity gradients far from the central region (Sofue & Rubin
MNRAS 000, 1–7 (2019)
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2001), the term involving vc may be neglected if the den-
sity distribution is large enough on the equatorial plane. We
would like to have
Z(R) ∝ [Φzz(R, 0)]−1/4 ∝ [Σ0(R)]−1/3 (6)
in the domain of validity of the adiabatic approximation
(2) (i.e. for very small vertical amplitudes), where Σ0 is an
appropriately defined integrated density. The most natural
choice would be
Σ0(R) =
∫
Z(R)
−Z(R)
ρ(R, z) dz. (7)
Since Z(R) is small, we may consider the integrand in the
above expression as a constant function of z (evaluated at
z = 0), ρ(R, z) ≈ ρ0(R), which gives us
Σ0(R) ≈ 2ρ0(R)Z(R). (8)
With the aid of Eq. (5), and neglecting the term involving
the velocity gradient, we obtain
Σ0(R) ∝ Z(R)Φzz(R, 0), (9)
and thus
Φzz(R, 0) ∝ Σ0(R)
Z(R) . (10)
Substituting in Eq. (2), we obtain
Z4(R) ∝ 1
Φzz(R, 0) ∝
Z(R)
Σ0(R)
, (11)
that is,
Z(R) ∝ [Σ0(R)]−1/3. (12)
Therefore, Eqs. (2) and (3) will have the same form if
the “surface density” appearing in the formula (3) for Z(R)
is, instead of (4),
Σ(R) =
∫ Z(R)
−Z(R)
ρ(R, z) dz, (13)
where the limit of integration Z(R) is the orbit’s vertical am-
plitude (which depends on the galactocentric radius R). Note
that, when the orbit’s amplitude is comparable to the disk
thickness, the two formulae (3) and (14) give practically the
same result. We call the Σ(R) given by Eq. (14) the “orbit’s
surface density”. The orbit’s amplitude as a function of R
will be given by the implicit equation
Z(R)
Z(R′) =
[
Σ(R′)
Σ(R)
]1/3
(14)
for R, R′ in the orbit’s radial range, with Σ given as a function
of Z by expression (13). We claim that this expression is
valid through the whole vertical range of the disk, that is, for
regular orbits with amplitudes in the whole range 0 < Z < ζ .
We might approximate the vertical amplitude Z(R) ap-
pearing in (13) by an average value along the orbit, if the
amplitudes do not vary much. In this case, Eq. (14) is given
explicitly as a function of R, once we have an estimate for the
vertical amplitude, and the equations would give an explicit
formula for Z(R). However, this procedure can produce ad-
ditional errors in the prediction for the envelope Z(R), since
we neglect the R-dependence of the integration interval: the
ratio Σ/ΣI is then more likely to keep a constant value along
the orbit. The prediction for Z(R) will therefore be very sim-
ilar to Eq. (3), and the correspondence would be exact if the
density profile had a separable form, ρ(R, z) = ΣI (R)ξ(z), with∫
ξdz = 1. For flattened disks, the aforementioned plane-
parallel case is only approximately valid in general, so an
important piece of information is being underestimated if
we neglect the R-dependence of the integration limits. More-
over, Eq. (3) is only valid for amplitudes which are close to
the disk’s vertical edge (Vieira & Ramos-Caro 2014), so in
the discussion which follows we will always refer to the im-
plicit expression (14), where the integration limits in (13)
are the actual values of the orbit’s envelope. We test below
this expression for a variety of orbits in disk-like potentials,
with amplitudes varying in the range 0 < Z . ζ .
3 AN ITERATIVE PROCEDURE FOR Z(R)
Equation (14) does not give us a direct method to obtain
Z(R), since the integration limits of Σ, Eq. (13), are pre-
cisely the function sought. We would have then to solve an
integral equation to obtain the orbit’s envelope. One way to
circumvent this issue is to consider an iterative procedure
by means of a Neumann series (the well-known “method
of successive approximations”, see Arfken & Weber 1972),
in which a function Zo(R) is chosen as an initial guess, in-
serted on the right-hand side of the equation for Z(R) (see
Eqs. (13)–(14), with ±Zo(R) being the integration limits for
Σ):
Z(R) = A[Σ(R)]−1/3, (15)
where A is a constant and Σ(R) is calculated from Eq. (13).
This first step will generate a new function Z1(R), which will
be used in the second step as the new integration limit for
Σ in Eq. (15), giving rise to a function Z2(R). After N steps,
we will have a sequence of functions
Zo → Z1 → Z2 → ... → ZN . (16)
Ideally, the sequence of functions (Zn) will be uniformly
convergent in the range of radii relevant for the orbit, and
its limit will be the solution Z(R) to Eqs. (13)–(14). In that
case, the sequence (an) given by
an = max
R∈I
Zn(R) − Zn−1(R)Zn(R) (17)
will converge to zero, where I is a previously defined interval
corresponding to the orbit’s radial range. We therefore look
for an approximate solution to these equations by obtain-
ing a value of N for which aN < ǫ , where ǫ is a tolerance
parameter. The iterated function ZN will therefore be an
approximation to the actual solution Z(R) within the error
ǫ . This procedure is, therefore, dependent only on the initial
guess Zo(R) for Z ; it does not rely upon an a priori knowl-
edge of the envelope. In this way, it can be used to make
predictions about the orbit’s shape knowing (for instance)
only one point on the zero-velocity curve. We will follow this
procedure to numerically calculate the orbits’ envelopes for
specific example disk potentials.
MNRAS 000, 1–7 (2019)
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4 TESTS WITH SIMPLE DISK POTENTIALS
We perform in this Section numerical experiments in specific
disk-like potentials in order to test the validity of prediction
(13)–(14), for a variety of orbits with amplitudes spread in
the range 0 < Z(R) < ζ . We find in all cases that expression
(14), with Σ(R) given by the orbit’s surface density (13),
is a good approximation to the real orbits’ envelopes, with
errors below 1%. The prediction (14) is better than both
the adiabatic approximation (2) and the estimate based on
the disk’s surface density (3), even in their ranges of validity
(very low vertical amplitudes and amplitudes near the disk
edge, respectively).
We choose as reference the point on the orbit with the
largest vertical amplitude Z . The predictions for the en-
velopes given by the different approximations are made to
agree with the vertical amplitude of the numerically inte-
grated orbit at this point, and we compare the three formu-
lae (2), (3), and (14) along the orbit’s radial range. Equa-
tions (2) and (3) give explicitly Z as a function of R and can
be readily compared with the numerically calculated enve-
lope. On the other hand, Eq. (14), with Σ(R) given by the
orbit’s surface density (13), does not give Z(R) explicitly. In
order to obtain the predicted envelope we apply the itera-
tive method described in Section 3, starting with Zo(R) given
by the adiabatic approximation (2), Zo(R) ∝
[
Φzz(R, 0)
]−1/4
.
We perform 10 iterations (N = 10) for each orbit in order to
obtain an accurate approximation to Eqs. (13)–(14). Very
good approximations already appear for smaller N.
4.1 Miyamoto-Nagai disk
We consider as the main example the Miyamoto-Nagai po-
tential (Miyamoto & Nagai 1975; Binney & Tremaine 2008)
Φ = − GM√
R2 + (a + (z2 + b2)1/2)2
, (18)
which is commonly used to model the disk component of
Galaxy mass models (Allen & Santilla´n 1991; Irrgang et al.
2013; Barros et al. 2016) and also to analyze the Saggitar-
ius dwarf galaxy debris (Johnston et al. 1995; Helmi 2004;
Law et al. 2009; Ibata et al. 2013; Deg & Widrow 2013).
The disk’s vertical edge is estimated as ζ/a ≈ 3b/a if b ≪ a
(Vieira & Ramos-Caro 2014). We analyze various orbits for
different values of energy E, angular momentum Lz, and ini-
tial conditions. We consider only the cases with a sufficiently
flattened density profile (b/a . 1/10).
We see in Figs. (1)–(3) representative examples of or-
bits with large radial extent and different vertical ampli-
tudes (when compared with the disk thickness). The orbits’
envelopes are accurately described by Eqs. (13)–(14). If the
vertical amplitudes are very small, being in the region where
the usual adiabatic approximation (2) is valid (as in Fig. 1),
both expressions (2) and (14) give good approximations for
the envelopes, as expected from the above considerations.
Moreover, as it can be seen on the right panel of Fig. 1, our
proposed envelope (14) gives an improvement to the adia-
batic approximation, since it takes into account the whole
integration interval for each galactocentric radius, and not
only an equatorial-plane quantity (showing differences even
when the range of integration is very small). In other words,
the dependence of ρ on z in the integrand of (13) is important
in the description of nearly equatorial orbits, since it gives
better predictions than the equatorial-plane approximation
(8).
This effect is also seen in orbits with intermediate am-
plitudes lying inside the disk (Z(R) < ζ , see Fig. 2). The
prediction from the orbit’s surface density, Eqs. (13)–(14),
gives results which are significantly better than either the
adiabatic approximation (2) or the disk’s surface density es-
timate (3), as illustrated on the right panel of Fig. 2. For
amplitudes near the disk edge ζ = 3b, Eqs. (13)–(14) give
predictions close to the disk’s surface density estimate (3),
but with a small improvement, as exemplified in Fig. 3. As Z
approaches the disk edge, the difference between predictions
(3) and (14) becomes negligible. The prediction from (14) al-
ways lies between the adiabatic approximation (2) and the
disk’s surface-density approximation (3) for the Miyamoto-
Nagai disk and it is, in general, a better description than
both of these formulae.
The errors in the orbits’s amplitudes, calculated from
Eq. (14) with the procedure described in Section 3, are less
than 1% and are systematically smaller than the correspond-
ing errors of formulae (2) and (3) (see Figs. 1–3). These er-
rors are of the same order of magnitude as the errors appear-
ing in the comparison of formula (3) with flattened Sta¨ckel
models (Vieira & Ramos-Caro 2014). Indeed, numerical ex-
periments with Sta¨ckel potentials (the Kuzmin-Kutuzov po-
tential of Dejonghe & de Zeeuw 1988) show that the predic-
tions of Eqs. (13)–(14) are also the best approximation for
the orbits’ envelopes.
Tests including a sparse spherical halo do not influence
the predictions, as expected from the numerical experiments
of Vieira & Ramos-Caro (2014) concerning near-edge ampli-
tudes (although in this case we must consider in Eq. (13)
the total dynamical density of the system“disk+halo”). The
present expression is therefore an improvement for the en-
velopes’ estimates of regular orbits inside the disk whenever
the disk component is dominant, i.e. when the orbit is far
from the central (spheroidal) bulge component.
5 CONCLUSIONS AND FINAL REMARKS
We presented in this paper an extension of the model-
ing of the envelopes of disk-crossing orbits on the sys-
tem’s meridional plane. It is based on the disk’s sur-
face density distribution, which was previously presented
for the cases of off-equatorial orbits around razor-thin
disks (Vieira & Ramos-Caro 2015; Vieira & Ramos-Caro
2016) and of orbits in three-dimensional disks with
vertical amplitudes comparable to the disk thickness
(Vieira & Ramos-Caro 2014). The generalization discussed
here encompasses the two known limits for the enve-
lope estimates: The limit of very low vertical amplitudes
(usual adiabatic approximation, Eq. (2), see for example
Binney & Tremaine 2008) and the case of vertical ampli-
tudes near the disk thickness (the integrated surface density
approach, Eqs. (3) and (4), see also Vieira & Ramos-Caro
2014).
The proposed formula, Eq. (14) with Σ given by
Eq. (13), is valid for regular tube orbits with arbitrary verti-
cal amplitudes 0 < Z < ζ (where ζ is the disk thickness), i.e.
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Figure 1. Left: Orbit in the Miyamoto-Nagai disk with b/a = 1/10 (we have ζ/a ≈ 0.3). Here, Lz/
√
GMa = 0.8 and Ea/GM = −0.050.
Moreover, R0/a = 1.61, z0/a = 1.1 × 10−2, PR0 = 0. The orbit is in the range of validity of the adiabatic approximation (Z ≪ ζ). The
dashed curve corresponds to the adiabatic approximation (2), the dotted curve corresponds to the estimate via the disk’s surface density
(3), and the solid curve to the estimate via the orbit’s surface density (13)–(14) calculated by performing 10 successive approximations
starting with the adiabatic approximation (2) (see Section 3). Right: Zoom of the upper part of the orbit, showing its envelope. The
curve (14) lies between the other two curves, being the best approximation among the three formulae to describe the orbit’s envelope.
In particular, it is evident from this panel that the solid curve (14) improves the usual adiabatic approximation (in its range of validity),
since it considers different vertical ranges of integration for each value of R.
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Figure 2. Left: Orbit in the Miyamoto-Nagai disk with b/a = 1/10 (we have ζ/a ≈ 0.3). Here, Lz/
√
GMa = 0.8 and Ea/GM = −0.040.
Moreover, R0/a = 2.15, z0/a = 1.1×10−2 , PR0 = 0. Labels are as in Fig. 1. The orbit lies between the range of validity of the the adiabatic
approximation (2) and the estimate via the disk’s surface density, Eq. (3), none of them being valid (as we can also see by the dashed
and dotted curves). Right: Zoom of the upper part of the orbit, showing its envelope. We see that Eq. (14) is the best approximation
among the three proposed formulae for the envelopes.
MNRAS 000, 1–7 (2019)
6 R. S. S. Vieira and J. Ramos-Caro
0.4 0.6 0.8 1.0 1.2 1.4 1.6
-0.4
-0.2
0.0
0.2
0.4
Ra
z
a
0.4 0.6 0.8 1.0 1.2 1.4 1.6
0.30
0.35
0.40
0.45
Ra
z
a
Figure 3. Left: Orbit in the Miyamoto-Nagai disk with b/a = 1/10 (we have ζ/a ≈ 0.3). Here, Lz/
√
GMa = 0.8 and Ea/GM = −0.045.
Moreover, R0/a = 1.61, z0/a = 1.1×10−2, PR0 = 0. Labels are as in Fig. 1. The orbit lies in the range of validity of the envelope calculated
from the disk’s surface density, Eq. (3). Right: Zoom of the upper part of the orbit, showing its envelope. We see that Eq. (14) is a
slightly better approximation than the prediction from the disk’s surface density (3).
for arbitrary vertical amplitudes inside the disk. All numer-
ical experiments gave us relative errors smaller than 1% for
the predictions for Z(R), which were systematically smaller
than the predictions from the adiabatic approximation (2)
and the predictions via the disk’s surface density (3). In view
of the present formalism and of previous results obtained
for near–ζ vertical amplitudes (Vieira & Ramos-Caro 2014),
this formula is expected to be valid for all regions in which
the disk component is dominant.
It is worth noting that our formalism deals only with
the envelope Z(R) of the orbit, that is, with the “z-limits” of
the orbit, since our approach is based on an extension of the
vertical action variable close to the equatorial plane. The
inner and outer “R-limits” of the orbit (the “R(z)-envelopes”)
could be obtained, in principle, by a procedure which gener-
alizes the results obtained via the radial action variable on
the equatorial plane. Such procedure is beyond the scope of
this work.
A direct extension of the above formalism allows us to
analyze the case of very flattened, three-dimensional axially
symmetric disk systems in modified theories of gravity which
admit a Hamiltonian flow for test particles, H = p2/2 + Ψ,
where Ψ is a modified gravitational potential. This case was
presented in Vieira & Ramos-Caro (2014) for orbits whose
vertical amplitude is comparable to the disk thickness. In
an analogous manner, we obtain for arbitrary vertical am-
plitudes that formula (14) is valid with Σ given by
ΣΨ(R) = f (R)
∫
Z
−Z
ρ(R, z) dz, (19)
where Z = Z(R) is the orbit’s vertical amplitude at radius R
and f (R) is the radial dependence of the modification to the
potential, given by ∂Ψ/∂ |z |

z=0
= f Σ when the disk com-
ponent of the system is modelled as razor-thin. There are
two example cases which fit into this category of theories:
MOND (Bekenstein & Milgrom 1984) gives us ΣΨ = Σ/µ,
with Σ given by Eq. (13) and µ is MOND’s interpolat-
ing function, and RGGR (Rodrigues et al. 2010) gives us
ΣΨ = [1 − V2∞/ΦN (R, 0)] Σ, where Σ is given by Eq. (13),
V∞ is the asymptotic circular velocity of test particles on
the equatorial plane, and ΦN is the corresponding Newto-
nian potential. More details about this formalism and about
the case of near-edge vertical amplitudes can be found at
Vieira & Ramos-Caro (2014).
The problem of finding the approximate third integral of
motion (in terms of phase-space coordinates) which gives the
envelopes (14) is a much more difficult task. Although the
corresponding formula was recently found for orbits crossing
razor-thin disks (Vieira & Ramos-Caro 2016), this integral
for three-dimensional disks would have to involve the or-
bit’s surface density (13), which is a function of R and z
(and not only on R, as it is in the razor-thin case). More-
over, it is not clear how the kinetic and the surface-density
dependent terms would behave in the intermediate regions
between small and high z. This question is still open and
deserves a further study.
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